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A modified stepwise regress ion  is applied to  f l i g h t  data from a light r e s e a r c h  
'Ihe well-known phenomenon referred to a i r p l a n e  opera t ing  a t  high angles  of a t t a c k .  
as 'bucking" or "porpoising" is analyzed and modeled using both F r  series and 
s p l i n e  expansions of the aerodynamic force and moment c o e f f i c i e n t s  a s s o c i a t e d  w i t h  
the  longi tudina l  equations of motion. The r e s u l t i n g  models are validated by numer- 
i c a l l y  i n t e g r a t i n g  the% using i n i t i a l  f l i gh t  condi t ions  and f l i g h t  c o n t r o l  inputs .  
In addi t ion ,  a one-degree-of-freedom Van der Pol model is used to h e l p  e x p l a i n  t h e  
o s c i l l a t o r y  behavior,  and the possible e x i s t e n c e  of h y s t e r e s i s  i n  the l i f t  curve is 
demonstrated. 
INTRODUCTION 
A n  a n a l y s i s  of a i r p l a n e  f l i g h t  d a t a  which e x h i b i t s  seemingly spontaneous s h o r t -  
is presented. Such CL period l o n g i t u d i n a l  o s c i l l a t i o n s  occurr ing  a t  high values of behavior has popular ly  been referred to  as "bucking" or "parpoising." P h i l l i p s  
( r e f .  1)  developed several possible models to s imula te  such behavior on t h e  hybrid 
computer. His models involved h y s t e r e s i s  loops i n  t h e  aerodynamic force and moment 
c o e f f i c i e n t s  i n  the region of maximum l i f t .  Other a u t h o r s  (refs. 2 and 3) have 
developed models for s e l f - e x c i t e d  l o n g i t u d i n a l  motion i n  the deep-s ta l l  condi t ion.  
lhis paper addresszs  another  example of bucking or porpois ing behavior. Oscillations 
were encountered a t  high values of by a l i g h t  a i r p l a n e  modified s p e c i f i c a l l y  for 
high a operat ion.  A published report ( r e f .  4) on wind-tunnel tests of a model of a 
similar ( b u t  smaller) a i r p l a n e  with t h e  same modif icat ion i n d i c a t e s  that  maximum l i f t  
is a t  a s i g n i f i c a n t l y  higher  angle  of a t t a c k .  By applying a stepwise r e g r e s s i o n  
technique to  f l i g h t  d a t a  from a nonl inear  opera t ing  regime of a l i g h t  s ing le-engine  
research a i r p l a n e ,  mathematical models are synthesized and aerodynamic parameters are 
evaluated. lbo methods, one u t i l i z i n g  p a r t i t i o n i n g  or binning of the data, and the 
other employing s p l i n e  basis funct ions ,  are used i n  t h e  model s t r u c t u r e  determinat ion 
and parameter es t imat ion  process. 
herein.  In addi t ion ,  *the Van d e r  Pol equat ion is used to  h e l p  i l l u s t r a t e  and e x p l a i n  
t h e  o s c i l l a t o r y  motions of t h e  a i rp lane .  %e f l i g h t  d a t a  are also analyzed i n  a n  
e f f o r t  to d e t e c t  p o s s i b l e  h y s t e r e s i s  i n  t h e  l i f t  curve. 
CL 
A b r i e f  d e s c r i p t i o n  of each method is contained 
A better understanding of nonl inear  aerodynamic phenomena and t h e  a n a l y s i s  of 
such phenomena are important i n  a v i a t i o n  s a f e t y  and i n  t h e  s y n t h e s i s  of f l i g h t  con- 
t ro l  laws for nonlinear  opera t ing  regimes ( r e f .  5 ) .  
S YM BOLS 
aX,ay,aZ a c c e l e r a t i o n  along longi tudina l ,  lateral ,  and v e r t i c a l  body axes,  
r e s p e c t i v e l y ,  g u n i t s  
b span, m 
i i f t  c o e f f i c i e n t ,  L / ~ S  
maximum l i f t  value of lift C o e f f i c i e n t ,  I,/$ 
cL 
'L , max 
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rolling-moment c o e f f i c i e n t ,  Mx/GSb 
pitching-ment c o e f f i c i e n t ,  M,/$E 
defined i n  appendix 
‘m 
% 
‘n yawing-moment c o e f f i c i e n t ,  nz/Gsb 
longi tudina l - force  c o e f f i c i e n t ,  FX/GS 
s ide- force  c o e f f i c i e n t ,  Fp/GS 
ver t i ca l - fo rce  c o e f f i c i e n t ,  pZ/+ 
‘Y 
CZ 
cog. cen te r  of g r a v i t y  
- 
C mean aerodynamic chord, m 
F F-statis t ic  
F F - s t a t i s t i c  used i n  partial  F-test  
FX,Fy,FZ f o r c e  along long i tud ina l ,  lateral, and v e r t i c a l  body axes,  r e spec t ive ly ,  N 
9 
P 
a c c e l e r a t i o n  due to  g rav i ty ,  n/sec 2 
IX,Iy,IZ moment of i n e r t i a  a u t  l ong i tud ina l ,  lateral, and v e r t i c a l  body axes, 
r e spec t ive  1 y , kg -m bs 
product  of i n e r t i a ,  kg-m 2 
IXZ 
J cost func t ion  
K number of s p l i n e  knots  
L l i f t ,  N 
M X , M y , M Z  r o l l i n g ,  p i tch ing ,  and yawinq moments, r e s p e c t i v e l y ,  t+m 
m M S S ,  Kg 
N number of da ta  p o i n t s  
P body a x i s  roll r a t e ,  rad/sec or deg/sec 
9 bo* a x i s  p i t c h  r a t e ,  rad/sec o r  deg/sec 
- 1 2  
q = y pV , dynamic pressure ,  Pa 
R2 squared mul t ip le  c o r r e l a t i o n  c o e f f i c i e n t  
r body a x i s  yaw r a t e ,  rad/sec or deg/sec 
2 
S 
s 2 (ej)  
t 
U 
V 
v 
W 
j 
X 
Y 
2 
a 
'i 
2 wing area, m 
var iance  of parameter estimate, 
time, sec 
component o€ v e l o c i t y  a long l o n g i t u d i n a l  bony axis, m/sec 
total  airspeed, m/sec 
component o€ v e l o c i t y  along lateral  body axis, m/sec 
component of v e l o c i t y  a long v e r t i c a l  body a x i s I  m/sec 
j t h  element of n x 1 vector of independent v a r i a b l e s  
n x 1 vector  of dependent v a r i a b l e s  
dummy v a r i a b l e  
angle  of a t t a r k ,  rad  or deg 
va lue  of angle  of attack corresponding t o  i t h  s p l i n e  knot,  rad or deg 
9 
angle  of s i d e s l i p ,  rad or deg 
= a - %, rad or deg 
d i f f e r e n c e  between t r i m  angle  of attack and angle  of attack a t  which p i t c h  
damping changes s i g n  
aileron d e f l e c t i o n ,  rad or deg 
s tabi la tor  d e f l e c t i o n  ( p o s i t i v e  f o r  t ra i l ing  edge dawn), rad or sec 
rudder  d e f l e c t i o n ,  rad or deg 
damping c o e f f i c i e n t  i n  Van der  Pol d i f f e r e n t i a l  equat ion 
p i t c h  angle,  rad  or deg 
(n + 1)  x 1 vector  of unknown parameters 
j t h  element of vector  of unknown parameters 
a i r  d e n s i t y ,  kg/m3 
bank angle,  rad  or deg 
c h a r a c t e r i s t i c  o s c i l l a t i o n  frequency, rad/sec 
3 
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FLIGHT VEHICLE AND DATA ACQtUSITION 
The t e s t - f l i g h t  vehic le  was  a s ingle-engine,  low-wing, four-seat, l i g h t  air-  
plane. F l i g h t  c o n t r o l  was provided by the t h r o t t l e ,  stabilator ( a l l  movable t a i l ) ,  
a i l e r o n a ,  and rudder. Flaps were avaiJ.able, but were n o t  used i n  t h e  teste consid- 
ered i n  this report. Ihe wing leading  edge had been modified by extending the out- 
board h a l f  of each leading edge as i n d i c a t e d  i n  figure 1 and i n  modif icat ion R for 
t h e  model of a two-place a i r p l a n e  i n  re ferenca  4. lhis was one of several leading- 
edge modif icat ions that were made on t h i s  a i r p l a n e  to research  t h e  s t a l l / s p i n  charac- 
teristics of such a modified a i rp lane .  The f l i g h t  data analyzed h e r e i n  were obtained 
during s tandard s t a b i l i t y  and c o n t r o l  parameter e s t i m a t i o n  f l i g h t s .  
the p i lo t  attempts t o  t r i m  the a i r p l a n e  to  some s t e a d y - s t a t e  reference f l i g h t  condi 
t i o n  from which he can i n i t i a t e  some per turba t ion  by the movement of c o n t r o l s .  A l l  
data analyzed i n  this report are assumed to have equilibrium i n i t i a l  c o n d i t i o n s  
(p = q = r = Data were measured by rate gyros for ro l l ,  
p i t c h ,  and yaw ratest rol l  and p i t c h  angles  were measured by a t t i t u d e  gyros. Angles 
of attack and si s l i p  were measured by wind vanes mounted on boons on each wing t i p  
as sham i n  f i g u r e  1. Linear a c c e l e r a t i o n s  were measured by accelerometers located 
close t the a i r p l a n e  c e n t e r  of g r a v i t y  w i t h  three mutually orthogonal axes p o i n t i n g  
i n  t h e  d i r e c t i o n s  of the longi tudina l ,  lateral, and vertical body re ference  axes of 
t h e  a i r p l a n e .  Control  displacements were measured by potent iometers  located Close t o  
t h e  respec t ive  c o n t r o l  s u r f a c e  so as to  e l imina te  time d e l a y s  and inaccurac ies  i n  t h e  
measurements of displacement due to  cont ro l -cable  s t r e t c h .  
In these f l i g h t s ,  
m m  = 1 = p = v = w = u = 0 ) .  
Data w e r e  recorded onboard t h e  test a i r p l a n e  as analog vol tage  s i g n a l s .  The 
records of these voltages were fi l tered by a 6-W law-pass fi l ter ,  and d i g i t i z e d  to a 
sample rate of 20 per second after each f l i q h t .  The d i g i t i z e d  20-sample-per-second 
data were then corrected for cog. offset of t h e  instruments ,  upwash and bias error on 
the wind vanes, and bias errors i n  the % accelerometer and the angular - ra te  qyros. 
ANALYTICAL PROCEDURE 
System I d e n t i f i c a t i o n  
The system i d e n t i f i c a t i o n  problem was  def ined by Zadeh (ref. 6 )  as "determina- 
t i o n ,  on the basis of observat ion of i n p u t  and output ,  of a system wi th in  a speci- 
f ied  class of systems to  which the system under test is equivalent." For the system 
i d e n t i f i c a t i o n  of an  a i r p l a n e  opera t ing  a t  l a w  angle  of a t t a c k ,  t h e  mathematical 
model s t r u c t u r e  of aerodynaolic f o r c e s  and moments is l i n e a r .  Hence, t h e  i d e n t i f i c a -  
t i o n  problem reduces to  a parameter es t imat ion  problem. However, a t  high angle  of 
attack and i n  n e a r - s t a l l  opera t ing  regimes, the  form of t h e  aerodynamic forces and 
moments mst be determined before  estimatir-g corresponding parameter values.  
general  form of the  mathematical model s t r u c t u r e  for the aerodynamic f o r c e  and moment 
c o e f f i c i e n t s  can be w r i t t e n  as 
'Ihe 
where 
aerodynamic force  or moment c o e f f i c i e n t  (C  C C C C C 1 a t  time t 
a i r p l a n e  s ta te  plus  control v a r i a b l e s  (a Iq ,@Ip, r ,6e ,6a ,6r )  and their com- 
X'  Y' Z' m *  1' n y ( t )  
x j  (t)  
b i n a t i o n s  a t  time t (j - l I  2, ...) n)  
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airplane s t a b i l i t y  and c o n t r o l  c o e f f i c i e n t s  Cj = 1, 2 ,  ..., n)  
00 c o n s t a n t  r e f l e c t i n g  any i n i t i a l  8teady-State  condi t ion  
Thus, althouqh it is assumed for t h e  i d e n t i f i c a t i o n  problem a t  l o w  angles  of a t t a c k  
t h a t  only f i r s t - o r d e r  term i n  the state  and c o n t r o l  variables are required for the 
m del, t h e  i d e n t i f i c a t i o n  problem a t  high angles  of a t t a c k  can r e q u i r e  terms such a8 
a , a , qa, and beam Henca, part of t h e  i d e n t i f i c a t i o n  problem is t h e  proper 
choice of these  higher-order terms f o r  which parameters must be estimated. Ebr exam- 
ple, consider  the vertical-force c o e f f i c i e n t  Cz. For t h e  l i n e a r  m o d e l ,  
9 3  
Cz = Cz + Cz ha + Cz e 2v + Czb Abe 
e 0 a 9 
( 2 )  
where ha = a - a. and Abe = 6, - 6 f o r  s teady  state (vo = po = 46 = ro = = 0 )  
i n i t i a l  f l i g h t  condi t ions.  A 
maneuvers might be w r i t t e n  as 
Cz = Cz + Cz Aa + 
0 a 
The specified class of models 
t h e  candidate  model v a r i a b l e s  
corresponding nonl inear  m o d e l  f o r  h i g h - a n g l e s f - a t t a c k  
2 qz Ab + Cz (ha)  + Cz Aa - 2v a a 
G 
e cz 2v + CZ6 
e q P 
from which a nonl inear  model may be chosen is given by 
(table 1) . .Table 1 is a s e t  of in f luence  variables f o r  
longi tudina l  motion. The first column is simply t h e  l i n e a r  model variables a, q, 
and t h e  l i n e a r  c o n t r o l  v a r i a b l e  
depends. The second column is t h e  v a r i a t i o n  of the l i n e a r  terms with changing angle 
of a t tack .  The terms p 2  and p2a i n  t h e  t h i r d  column allw f o r  aerodynamic coupl- 
i n g  to  lateral  motion, and t h e  l as t  column conta ins  t h e  terms al lowing s t r o n g  non- 
l i n e a r  v a r i a t i o n  with angle  of a t t a c k ,  the  main l o n g i t u d i n a l  independent v a r i a b l e  . 
The list of variables i n  table 1 can be expanded or changed to  i n v e s t i g a t e  any parti- 
c u l a r  behavior t h a t  is a func t ion  of a ,  q, and 
be, on which the  short-per iod l o n g i t u d i n a l  motion 
Once a c l a s s  of candidate  model v a r i a b l e s  is s p e c i f i e d ,  t h e  problem s t i l l  
remains to  select t h e  proper subset of t h a t  class. For t h e  work descr ibed i n  t h i s  
report, a semiautomated procedure, t h e  stepwise recxewionr is employed. The step- 
w i s e  regress ion  parameter estimates are a c t u a l l y  l i n e a r  regress ion  parameter es ti- 
mates pred ica ted  on t h e  minimization of the equat ion error, whose mean square  is 
given by t h e  ccst func t ion  
, - 2  N 
i = l  
1 
N J = - [ y ( i )  - y ( i 1 1  ( 4 )  
where 
6 
and the values  of 6 are the equat ion error optipral paraneter estiaatea ( j  = 0, 
' 8  are added to  the regression 
according to  t h e i r  e f f e c t i v e n e s s  i n  reducing t e equation error coet f u n c t i o n  J. 
This value is represented  by the par t ia l  F' value F of the c o e f f i c i e n t  as 
follows: 
the 3 1, ..., n) . I n  the 1 tepuise regression,  
P 
J 
where $ is the estimate of 9 and s2(6 
from a large class of candidate  model v a r i a b l e s  b u t  it simultaneously estimates t h e  
corresponding parameters for that model. 
is the var iance  of 6 . %e value of 
t h e  stepwise regress ion  i n  s y s t e h  i d e n t i f i c a  € i o n  is  that it n o t  only $elacts a model 
When applying a stepwise regress ion  to f l i g h t  flata, it should be remembered that 
t h e  data are corrupted by measurement noise,  and perhaps by process noise ,  which 
appears  i n  the form of modeling error. Hence, the regress ion ,  w i t h  fewer independent 
var iab les  than data measurements, always adds a d d i t i o n a l  term i n  order to  reduce J. 
Though a l l  these terms tend t o  f i t  the data better, some terms simply fit the noise.  
Hence, some c r i t e r i o n  is needed to determine the p o i n t  a t  which the adding of vari- 
ables should cease. Experience h a s  shown t h a t  several criteria should be employed to 
ensure an adequate model t h a t  f i t s  khe data, has good p r e d i c t i o n  capabilities, and 
makes sense  phys ica l ly .  (See ref. 7.) lhese criteria include: 
1 . Fp 
2. F should be a maximum. 
should be g r e a t e r  than 5. 
3. R2 should be close to 100 percent .  
4. The r e s i d u a l  sequence should be s t a t i s t i c a l l y  equiva len t  t o  white noise.  
This determinat ion is made by obaervinq the  a u t o c o r r e l a t i o n  func t ion  for 
the r e s i d u a l  sequence. 
No s a t i s f a c t o r y  s i n g l e  performance index has been w r i t t e n  as a f u n c t i o n  of these 
separate cri teria;  hence, the s e l e c t i o n  of an adequate model is s t i l l  somewhat 
subjective. 
P a r t i t i o n i n g  of Data 
It was demonstrated i n  re ference  8 t h a t  f o r  large-ampli tcde l o n g i t u d i n a l  maneu- 
vers the p a r t i t i o n i n g  of data as a func t ion  of angle of a t t a c k  provided a f i n e r  
r e s o l u t i o n  of s t a b i l i t y  and c o n t r o l  parameters for the maneuver range than could be 
achieved by analyzing t h e  e n t i r e  data s t r i n g  i n t a c t .  This p a r t i t i o n i n g ,  or binning, 
technique can be appl ied  as follows. Consider a data set c o n s i s t i n g  of ihe measure- 
ments of several v a r i a b l e s  of 400 time p o i n t s  each. The time h i e t o r y  of one such 
var iab le ,  a? is shown i n  f i g u r e  2. Several  b ins  can be crea ted ,  each c o n t a i n i n g  
d a t a  corresponding to  a given range of a. 'Ihe l i n e s  drawn parallel t o  t h e  abscissa 
i n  f i g u r e  2 r e p r e s e n t  t h e  b in  boundaries. For example, a l l  data corresponding t o  
0" C a < 4 O  would be a s s o c i a t e d  w i t h  the f i r s t  bin,  a, :a f o r  4 O  < a c 8 O  wocld be 
a s s o c i a t e d  with t h e  second bin,  and so f o r t h ,  as shown i n  f i g u r e  2. Then each bin,  
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which n w  contains data corresponding to  a l i m i t e d  range of angle of a t t a c k ,  can be 
analyzed f o r  aerodynamic s t a b i l i t y  and c o n t r o l  d e r i v a t i v e s  corresponding t o  that 
angle-of-attack region. 
There are, however, several problems associated with i d e n t i f y i n g  parameters from 
binned d a k .  'he first  is +hat by a r b i t r a r i l y  ass igning  h i n  w i d t h s ,  the a region 
may not  be d-v ided  f i n e l y  enough. Nowever, one might also d i v i d e  the region so that 
there  are too l i t t l e  d a t a  i n  each b i n  f o r  a proper a n a l y s i s .  Moreover, the l o c a t i o n  
of the h i n  enapoin ts  might obscure an important f e a t u r e  of the data i f  the endpoints  
were s h i f t e d  a degree. Hence, a second technique was appliee to  the d a t a  i n  an 
attempt t o  a l l e v i a t e  t h e s e  p o t e n t i a l  problems. 'Ihis second technique allows the  data 
to "bin itself" through the use of s p l i n e  funct ions.  *.is approach is more g e n e r a l  
ii; a p p l i c a b i l i t y  than t h e  simple binning and can be described as follows. me range 
of t h e  independent var iab le  vrhich is most important i n  the determinat ion of t h e  
dependent variabLe is p a r t i t i o n e d  i n t o  several subsets, each having support  on less 
of the range than the previous subset .  For example, t h e  f o r c e  c o e f f i c i e n t  C8 is 
mainly dependent on a. Hence, if a = { z ) a  < z < b), then t h e  a range, [a,bl, is 
divided according to the s p l i n e  basis funct ions  as follows: 
The values of ai are c a l l e d  knots.  An example of the "+" func t ion  is given i n  
f i g u r e  3. The four  knots  i n  t h i s  f i g u r e  a r e  a t  a = 2O, 4 O ,  6 O ,  an2 8 O .  Hence, 
( a  - a l l+  = 1 for a > a, = 2O, and ( a  - a,)+ = 0 for a < a,. S imi la r ly ,  
0 ( a  - a2)! = 1 f o r  a > 4 O ,  and ( a  - - I+  = 0 f o r  a < 4 0 r  and so f o r t h ,  f o r  the 
rest of the  "+" funct ions.  I f  t h e  order  of t h e  "+" func t ion ,  denoted by t h e  super- 
script m is  o t h e r  than zero, say  2, then ( a  - all: = ( a  - a,12 f o r  a > a,  
and ( a  - a,]: = 0 for a < al. For the a n a l y s i s  i n  t h i s  paper, t h e  knots  were 
placed every 0.5'' between a = loo and a = 18O. By p l a c i n g  knots  every O.SO and 
then allowing t h e  stopwise regress ion  to determine s i g n i f i c a n t  terms , t h e  problem 
of choosirig too narrow a bin  i n  the binning technique ' , avoided. me l o n g i t u d i n a l  
force and moment coef f ic ie r . t s  Here then w r i t t e n  as follows: 
0 0 
- K  O q C  
( a  - ai)+ 2v 
K 
cX = c + cX a + C cX (a  - ai)+ + cX 2v + C cX 
'i a i = l  a Q i-1 
X, 0 
i 
8 
+ 
Only two k .a, 
vator because of 
= 1 3 O  and a = 1 6 O ,  were chosen for the ele- 
~ l a ~ d o f a ~ ~ ~ e r O L m s a o r y .  ma l o c a t i o n s  of these two bo- -re 
chosen to  allow for what appeared to  be the three -)or areas of e l e v a t o r  
e f f e c t i v e n e s s .  
After a model has h e n  selecLed and parameters have been est imated,  the  predic-  
t i v e  capabilities of the model must be tested. This is known as v a l i d a t i o n  of t he  
model. I h e  method of v a l i d a t i o n  used i n  this report is the numerical i n t e g r a t i o n  of 
the equat ions of motion. lhis method uses  the estixated model and a fourth-order 
Runge-Kutta i n t e g r a t i o n  scheme. 
for which a given model was estimated, the l o n q i t u d i n a l  ou tput  v a r i a b l e s  ( I r  q r  8 ,  
and V are computed and compared with the a c t u a l  f l i g h t  values €or these var iab les .  
The robustness  of the model can he vaLidated by applying it to another € l i g h t  w i th  
only similar i n i t i a l  condi t ions.  
S t a r t i n g  w i t h  the i n i t i a l  condi t ions  of the f l i g h t  
RESULTS AND DISCUSSION 
F l i g h t  Data 
A t y p i c a l  ' f l i g h t , "  or experiment, for the determinat ion of s t a b i l i t y  and con- 
t rol  parameters c o n s i s t s  of several "runts.' Each run c o n s i s l x  of about 3 minutes of 
data conunencinq when the a i r p l a n e  achieves soma predetermined a l t i t u d e  ( u s u a l l y  about  
2000 m for a l i g h t  s ingle-engine a i r p l a n e ) ,  For i d l e  power experimentrr, a f t e r  
a t t a i n i n g  the predetermined a l t i t u d e ,  the throttle is closed. The a i r p l a n e  is then 
trimmed to a desired angle  of attack. A c o n t r o l  i n p u t  p e r t u r b s  the a i r p l a n e  from the 
trim condi t ion  with the p e r t u r b a t i o n  damping o u t  i n  about  4 seconds for short-period 
longi tudina l  d i s turbances .  After the dis turbance  has d a n p d ,  the a i r p l a n e  is trimmed 
again  t o  solw desired angle  of attack and is perturbed a g c i n  by a c o n t r o l  input .  
In t h i s  manner, f i v e  to seven p e r t u r b a t i o n s  can be carried o u t  during a s i n g l e  run. 
Each run wi th in  a f l i g h t  is designated by an i n t e g e r  - success ive  runs are des iqna ted  
by successive integers. Each p e r t u r b a t i o n  within a run i s  desiqnated by a decimal 
p o i n t  and d i g i t  appended on t h e  run numher. %r example, run 7.1 i n d i c a t e s  the € i r e t  
per turba t ion  Ln the seventh run of a q i v e n  f l i g h t ;  run 7.2 is the second p e r t u r b a t i o n  
executed i n  the seventh run. A run ends when the a i r p l a n e  approaches some predeter- 
mined minimum a l t i t u d e  (about  1000 m f o r  the e x p e r i m e n t  reported h e r e i n ) .  'he a i r -  
9 
plane then climbs back to t h e  i n i t i a l  a l t i t u d e  ( t a k i n g  about  10 dncrtee)  and proceed6 
with the nexr. run. The a t t i t u d e  gyros are caged ( locked)  between rune and uncaged a t  
the commencement of a run. 
Pier; 1 p r e s e n t s  traces f o r  t h e  l o n g i t u d i n a l  forces, ce r t a in  lateral-motion 
variah'c , dri 3 e  l o n g i t u d i n a l  c o n t r o l  var iab le .  The f i g u r e  shows t h a t  a f t e r  be ing  
p e r t u -  -d from . t r i m  angle  of a t t a c k  of about  13.6O, t h e  stabilator is brought back 
to a p o s i t i a n  t-t.<,c is d isp laced  by l o  from its t r i m  pos i t ion .  While the stabilator 
remains ;R this p o s i t i o n ,  the induced l o n g i t u d i n a l  o s c i l l a t i o n  does n o t  damp out ,  but 
cont inues a': nonstant  amplitude u n t i l  the stabilator is re turned  t o  t h e  -So i n i t i a l  
condi t ion.  ';he time h i s t o r i e s  of the lateral-motion variables i n d i c a t e  t h a t  coupl ing 
between the la teral  and l o n g i t u d i n a l  modes is n o t  involved. 
Figtire 5 p r e s e n t s  traces of t h e  longitudinal-motion variables and c o n t r o l  dis- 
placements f o r  runs 7.1 through 7.6 and runs 8.1 through 8.5, a l l  of which e x h i b i t  
similar undamped o s c i l l a t o r y  behavior. 
Confirmation of the o s c i l l a t o r y  region is shown i n  the p l o t  of run 1 1  i n  f ig- 
The stabilator d e f l e c t i o n  w a s  increased  
u r e  6.  In this run, the . a i r p l a n e  was  trimmed to  an  angle  of a t t a c k  below that a t  
which t h e  undamped o s c i l l a t i o n s  occurred. 
i n  increments of less than lo. The o s c i l l a t i o n  is centered  around a = 14O and 
&* = -70. 
Stabilator d e f l e c t i o n  to  t r i m  is p l o t t e d  a g a i n s t  t r i m  angle  of a t t a c k  i n  f i g -  
ure  7. This f i g u r e  can be used to check the a c t u a l  s t a b i l i t y  of the  t r i m  c o n d i t i o n s  
i n  the 14O t o  1 6 O  angle-of-at tack range. From f i g u r e  7, a loss of stabilator e f f e c -  
t iveness  to  t r i m  is i n d i c a t e d  between a 14O and a - 17.s0. 
For each run i n  f i g u r e  7, an  u n c e r t a i n t y  range f o r  6, w a s  c a l c u l a t e d  by aver- 
aging t h e  10 sample p o i n t s  for stabilator d e f l e c t i o n  before and the 10 sample p o i n t s  
for stabilator d e f l e c t i o n  a f t e r  the p i lo t  noted that  t h e  a i r p l a n e  was trimmed. 
the region above a = 14O and below a = 18O, t h e r e  i s  a very l a r g e  u n c e r t a i n t y  i n  
t h e  value of s tabi la tor  t o  t r i m .  'Ihis uncer ta incy  is ahawn by the bars about the 
stabilator t o  t r i m  values  i n  this region. 
In 
The lower bound on t h i s  region is f u r t h e r  def ined  by runs i n  which the a i r p l a n e  
trimmed a t  angles  of attack near 14O b u t  p i tched  nose down i n s t e a d  of nose up. 
Ihe o s c i l l a t i o n s  induced i n  this manner do damp out.  Hence, one is l e f t  with a 
s teady-s ta te  short-per iod l o n g i t u d i n a l  o s c i l l a t i o n  which is e a s i l y  induced from t r i m  
angles  of attack i n  a region bounded by a = 14O and a = 17O and with stabilator 
d e f l e c t i o n s  between - 7 O  and -go w i t h  the throttle set  at i d l e  mer.  
Comparison of Binned and Spl ine  Analyses 
Figure 8 p r e s e n t s  the r e s u l t s  of t h e  s tepwise r e g r e s s i o n  a n a l y s i s  appl ied  to  
three of the  o s c i l l a t o r y  f l i g h t s .  Ihe circles r e p r e s e n t  l i n e a r  parameters estimated 
from t h e  binned a n a l y s i s .  
f o r  data i n  t h e  b i n  it represents .  
Each circle i s  p l o t t e d  according to  the mean value of a 
'Ihe s h o r t - l i n e  segments i n  f i g u r e  8 represent the 
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slope of the parameters. mese slopes can be i d e n t i f i e d  when c7 second-order term 
such as 
e n t e r s  the regress ion  equation. 
As with t h e  values of t h e  parameters themselves, each slope f o r  a paramter is  
p l o t t e d  a t  the  mean value of a f o r  the b i n  i n  which it is i d e n t i f i e d .  f ie  o r d i n a t e  
value a t  which a slope is p l o t t e d  is  determined by e x t r a p o l a t i n g  a l i n e  wi th  the 
i d e n t i f i e d  slope from the  i d e n t i f i e d  parameter value a t  t h e  a i r p l a n e  t r i m  angle  of 
a t t a c k .  (See f i g .  8(a) ,  for - aple.) On the plot of C as a func t ion  of a 
i n  t h i s  f i g u r e ,  a circle is p l o t t e d  a t  a = l 1 . 6 O  and Cz = -22. However, f o r  t h e  
next bin,  with d mean angle of attack of 12.6O, a slope is  p lo t t ed .  This slope 
9 
(-390 rad") is given by the value of Cz , which is the c o e f f i c i e n t  of t h e  a @ 
2v qa 
term i d e n t i f i e d  f o r  this bin. The value of Cz 
is r e fe r r ed  t o  a. f o r  the r u n  which is 16.4O. Hence, the e x t r a p o l a t i o n  equa t ion  
f o r  Cz t o  t h e  bin which has a mean value of a = 12.6' is  
fo r  t he  d a t a  i n  t h i s  b in  is -47 b u t  
9 
q 
c1 11.) = -47 - 390(a  - a,) 
% ( 8 )  
where a = 0.2862 r ad ians  and a is i n  rad ians .  Experience has shown that such a 
nonzero value f o r  a s lope  of a d e r i v a t i v e  i n d i c a t e s  ;i 
tive value w i t h  respect to  angle of a tack. 
*Tion of change i n  t he  Aoriva- 
Also p l o t t e d  i n  f i g u r e  8 a r e  the results from t h e  a p p l i c a t i o n  of the s tepwise  
regress ion  wLth the s p l i n e  candida te  model. The d a b  a r e  no t  g i r t i t i o n e d  p r i o r  t o  
t h e  a p p l i c a t i o n  of t he  s p l i n e  model. Any change i n  parameter values with angle of 
a t t a c k  is noted by the e n t r y  of knot near t he  region of change. Here aga in ,  t h e  
p l o t  of C as a func t ion  of a i n  f i g u r e  8 ( a )  provides an  example. The " s t a i r -  
case" o r  step-shaped l i n e  is the  result  of a s p l i n e  a n a l y s i s  i n  which the s tepwise  
reqress ion  s e l e c t e d  zero-order s p l i n e s  i n  ( u  - ai)+ e 2v w i t h  knots a t  a = 1 3 . 5 O  
and 14.SP or a model f o r  
% 
given ( f o r  the entire maneuver) by 
czq 
Cz ( a )  = -23. - 5 . 5 ( a  - 0.2356)0 - 5.0(c;  - 0.2530)+ 0
+ 
4 
(9 )  
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&ere a is i n  radians. 
is included Ln the remainder of this section. 
An e r a r i m t i o n  of the plots for each derivative i n  figure 8 
(figs, 8(a), 8 ( C ) ,  and 8(e)) 
''a 
Both the binning and s p l i n e  technique show 
is about -2.2 between 
''a 
to c o n s i s t  of a t  least tw, levels. Por a l l  t h r e e  runs, 
a = 12O and a = 15.5O. Above a = 15.S0, 
about -1. 'Ihis corresponds to a f l a t t e n i n g  of t h e  l i f t  curve a t  about  a - 15.5O. 
In a d d i t i o n  run 7.6, which conta ins  more data f x o m  the law-angle-of-at tadr  regicn,  
gives rise to a t h i r d  level. A t  t h i s  level, 
' 'a 
decreases i n  absolute va lue  t o  
%a 
'z - -4.5 for a < 12O. Overall, a 
is s t r o n g l y  and c o n s i s t e n t l y  i d e n t i f i e d .  
%e derivative Cz (figs. 8(a),  8 ( c ) ,  and 8(e), decreases i n  the m i o n  
q 
be-n 3 1 2 O  and a = 16O fcr a l l  three runs. Run 7.6 c o n t a i n s  an e.xtra step 
i n  the lcw-angle-of-attack range. This is probably caused by a relatively large 
amount of data i n  t h a t  region, as was t h e  case wit!! the parameter CZa* 
The d e r i v a t i v e  CA (figs. 8(b), 8(d), and 8 ( f ) )  is the third s t r o n g l y  and 
q 
c o n s i s t e n t l v  i d e n t i f i e d  derivative. Both the  binned and the s p l i n e  ana lyses  i n d i c a t e  
positive values of C i  between a II 1 2 O  and (I 17O. Run 7.6 (flg. 8 ( f ) )  a g a i n  
gives t h e  best r e s u l t s  i n  t h e  lcw-angle-of-attack range, where the s p l i n e  technique  
shared t h a t  C; = -13 for a < 10.SO. 
q 
9 
The d e r i v a t i v e  CAa is not  i d e n t i f i e d  c o n s i s t e n t l y  across the three 3n.s. 
run 3.1, the binned r e s u l t  is s c a t t e r e d ,  and t h e  s p l i n e  p icks  Out no s t r u c t u r e .  The 
fact th-it  the sp1ir.e r 9 s u l t  simply averages the binned r e s u l t s  i n d i c a t e s  that the 
scacter is probably n o t  a func t ion  of the choice of b i n  width and/or b i n  boundaries,  
Run 3.3 y i e l d s  a bi-level value of C' , and the binned-value a n a l y s i s  i n d i c a t e s  a 
drop i n  CA from -1.3 t u  -2.8 a t  a e 16,6O. Zhe s p l i n e  a n a l y s i s  of run 7.3 shows 
P similar drop ( b u t  to  -3.6) a t  a m la0. The d i f f e r e n c e  i n  the angle  of a t t a c k  a t  
In 
ma 
c 
whicn the C; change excurs  cwdld be explained by a l i a s i n g  due to b i n  width and b i n  
a 
boundaries. Run 3.6 shws another  s l i g h t l y  d i f f e r e n t  r e s u l t .  The data for the low- 
angle-of-attack range have aqain r e s u l t e d  i n  better i d e n t i f i c a t i o n  of CAa a t  
a < 1 2 O .  
to C; = -2 f o r  2 > 16O. 'Ihe t rend  is s h m  to  s a p p o r t  a type of double break i n  
The binned a n a l y s i s  i n d i c a t e s  a t rend from about C i a  = -1 a t  a = loo 
a 
when analyzed by the s p l i n e  technique. Each of t h e  breaks i d e n t i f i e d  by t h e  C k a  
" a  - s p l i n e  model gives 
'Ihe d e r i v a t i v e  Cz is estimated c o n s i s t e n t l y  for a > 1 6 O  by both techniques 
be 
as Cz = -1.2. A t  lower anqles  of a t t a c k  and i n  t h e  a = 1 2 O  to  (I = 16O reg ion ,  
5e 
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t h e  t h r e e  runs y i e l d  d i f f e r e n t  values.  
agreement w i t h  o t h e r  d a t a  from t h e  low-angle-of-attack region. 
could  e x i s t  with the e s t i m a t i o n  of Cz 
knots  tat a = 1 3 O  and a = 1 6 O  1 could be c h s e n  for be. 
Run 7.6 again y i e l d s  t h e  r e s u l t  most i n  
An a l i a s i n g  problem 
s ince ,  as pointed out previously,  on ly  t w o  
'e 
The d e r i v a t i v e  CA showed the same c h a r a c t e r i s t i c s  as 
'e 
sented  the best low-angle-of-attack v a h e s ,  and a l l  three runs 
of  -1.2 for C; f o r  a > 1 6 O .  
'e 
. Run 7.6 pre- 
yielded similar va lues  
'e 
I n t e r p r e t a t i o n  of De t i vatives 
Because each d e r i v a t i v e  can be i n t e r p r e t e d  as a c o e f f i c i e n t  i n  the d i f f e r e n t i a l  
equat ions  d e s c r i b i n g  the motion of the a + r p l a n e ,  each d e r i v a t i v e  can Se i n t e r p r e t e d  
as represent ing  some c h a r a c t e r i s t i c  behavior i n  t h a t  motion. The derivative C' 
represents  t h e  s t a t i c  margin of the  a i rp lane .  A large negat ive increase ,  as seen i n  
t h e  a n a l y s i s  of runs 7.3 and 7.5,  u s u a l l y  ind ica te?  wing stall and t h e  r e s u l t a n t  
shift of the aerodynamic center .  
a l i  tl.ree runs f o r  the  region hetween a - 1 2 O  and a - 1 7 O ,  i n d i c a t e s  positive 
p i t c h  cimping. 
i n  t h i s  angle  of a t t a c k  region. The decreasing value of 
as i n d i c a t i n g  a f l a t t e n i n g  of the l i f t - c u r v e  s lope.  This can also be i n t e r p r e t e d  as 
A p o s i t i v e  value of C; , which was i d e n t i f i e d  i n  
Q 
P o s i t i v e  p i t c h  damping i n d i c a t e s  ap u n s t a b l e  or divergent  p i t c h  rate 
can he i n t e r p r e t e d  
IczaI 
a loss i n  damping i n  h. lhe d e r i v a t i v e s  % and C; i n d i c a t e  c o n t r o l  e f fec-  
'e 'e 
t iveness .  A t  l o w  angles  of a t t a c k ,  as i n d i c a t e d  from rdn 7.6,  the  ra t io  of C' t o  
m'e 
Cz should he propc-t ional  to the mtment am for the s t a b i l a t o r .  However, for 
'e 
a > loo, the values of C; and Cz approach one anothes.  lhese values  are 
'e 'e 
predicted an o ~ l y  a few d a t a  p o i n t s  overall, p a r t i c u l a r l y  i n  the o s c i l l a t o r y  rea ionr  
where the  stabilator was he ld  a t  f o r  about 90 percent  of the  t i m e .  
Val ida t ion  
After a model has been s e l e c t e d  by an i d e n t i f i c a t i o n  technique, it still must be 
va l ida ted  in some manner. Several  methods of v a l i d a t i o n  a r e  commonly used i n  system 
i d e n t i f i c a t i o n .  One method compares the model der ived by clsing one technique w i t h  
th. derived by using another  technique. Fbr example, t h e  model s e l e c t e d  by using 
a n  equat ion error technique can be comkared with one der ived by using a maximum- 
likelihood output  error approach. Another method of v a l i d a t i o n  is t h e  t e s t i n g  of 
the p r e d i c t i v e  c a p a b i l i t i e s  of the  nodel. Given t h e  i n i t i a l  c m d i t i o n s  and forc ing-  
func t ion  t i m e  h i s t o r y ,  t h e  model equat ions can be numerically i n t e g r a t e d ,  and t h e  
output  Val-ables can be compared with t h e  a c t u a l  measurement time h i s t o r i e s  of t h e  
system output  var iab les .  Another method of vr l l idat ion,  and one which demonstrates 
the robustness of the  model, is t h e  combination of t h e  i n i t i a l  condi t ions  and 
forcing-funct ion t i m e  h i s t o r i e s  of a n  experiment similar t o  ( b u t  n o t  t h e  same a s )  
t h a t  used f o r  t h e  i d e n t i f i c a t i o n .  Again, the  output  of t h e  model should be close t o  
t h e  outpiit of the a c t u a l  system. 
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'Ihe second mthod, that of predictive a b i l i t y ,  was used to v a l i d a t e  the rodela 
derived from o s c i l l a t o r y  data. 
considered i n  this report, because the model was  determined by minimizing t h o  mean- 
square error between the measured and computed acceleration. 
t i o n s  of motion, however, compare output variables - total v e l o c i t y  VI  angle of 
a t t a c k  a, p i t c h  rate q, and p i t c h  a n g l e  6. A n  inadequate model would fit the 
data to the a c c e l e r a t i o n  time h i s t o r y ,  b u t  mu ld  not ,  frm i n i t i a l  condi t ions  and a 
forcing-function time h i s t o r y ,  c o r r e c t l y  predict t h e  motion of t h e  system. 
'Ihis technique is p a r t i c u l a r l y  su i t ed  to  the probler 
'Ihe integrated equa- 
The f l i g h t  time histories f o r  selected l o n g i t u d i n a l  variables from run 7.1, as 
w e l l  as t h e  s imulated time histo-ry f o r  that run from t h e  i n t e g r a t e d  l o n g i t u d i n a l  
equat ions of motion with a l i n e a r  aerodynamic model, are plotted i n  figure 9(a). 
Figure 9(b) shows simulated r e s u l t s  using the spline model estimated from run 7.1. 
This node1 gives s l i g h t l y  better r e s u l t s  €or t h e  angle-of-attack predic t ion ,  although 
it is no better than the linear model i n  p r e d i c t i n g  the time h i s t o r i e s  of the other 
t h r e e  variables. Both models f a i l  to match the total airspeed by about 10 p e r c e n t  a t  
the  uorst poin ts .  H o w e w t ,  the  short-period oscillation i n  t h e  airspeed is predicted 
by both the  l i n e a r  and nonl inear  model. 
As a measure of robustness  of the nonl inear  d e l ,  t h e  i n i t i a l  c o n d i t i o n s  and 
forcing-function tiae h i s t o r y  of run 7.3 were i n t e g r a t e d  using the  nonl inear  model of 
run 7.1 . The r e s u l t s  are presented i n  f i g u r e  9(c), where the s imula t ion  r e s u l t  is 
shown with the actual time h i s t o r y  of run 7.3. Run 7.3 is d good test of t h e  model, 
as i t  was e x c i t e d  with a smaller and less p e r s i s t e n t  s t a b i l n t o r  input,  and c o n s i s t s  
only of the  f t e a a s c i l l a t i o n  response of the  a i rp lane .  me wbl seem to be o v e r l y  
de,peiident on  the  f o r c i n g  funct ion,  i n  that  it p r e d i c t s  t h e  f i r s t  o s c i l l a t i o n  w e l l  b u t  
then allows the  o s c i l l a t i o n  to damp too quickly.  me nodel does, however, simulate 
t h e  f r e e  o s c i l l a t i o n  q u a l i t a t i v e l y .  
C o r r e l a t i o n s  W i t h  Theore t ica l  Models 
The comparison of models est imated from f l i g h t  d a t a  with those i d e n t i f i e d  from 
wind-tunnel experiments or with those synthesized t h e o r e t i c a l l y  is complicated by 
several f a c t o r s .  These f a c t o r s  include a d i f f e r e n c e  i n  Reynolds number, possible 
g u s t  e f f e c t s  in  € l i g h t ,  less r e p e a t a b i l i t y  of exac t  i n i t i a l  condi t ions  i n  f l i g h t  than 
i n  the  wind tunnel ,  and, very importantly,  an  i n a b i l i t y  t o  s e p a r a t e  t h e  plunging 
motion of t h e  a i r p l a n e  from i ts  p i t c h i n g  motion i n  f l i g h t .  The i n a b i l i t y  to  separate 
these t w o  motions is demonstrated i n  f i g u r e  10, where both & (plunginqf  and q are 
p l o t t e d  a g a i n s t  tiwe f o r  one of t h e  o s c i l l a t o r y  f l i g h t s .  The values  of & f o r  f i g -  
ure  10 were c a l c u l a t e d  by applying a cubic spline under tens ion  to t h e  angle-af- 
a t t a c k  t i m e  h i s t o r y ,  which was ind ica ted  by the  wind-vane angle-of-at tack sensor  on 
the a i rp lane .  The c o r r e l a t i o n  between these  two v a r i a b l e s  means t h a t  aerodynamic 
d e r i v a t i v e s  w i t h  respect to  h and q cannot be est imated setparately,  b u t  r a t h e r  
some combination must be estimated. The a c t u a l  combinations t h a t  are est imated are 
derived f o r  the pitching-moment d e r i v a t i v e s  i n  the  appendix. Within the framework of 
t h e  above d i f f i c u l t i e s ,  t h e  models es t imated from t h e  f l i g h t  d a t a  were compared with 
two t h e o r e t i c a l  models. The f i r s t  type of model vtas &?veloped by P h i l l i p s  ( r e f .  1) .  
The mode1 demonstratzs t h a t  the dynamic eFCect of & near CL,mAx of t h e  wing and 
t h e  a s s o c i a t e d  h y s t e r e s i s  i n  t h e  l i f t  ciitve can produce a n  o s c i l l a t o r y  l o n g i t u d i n a l  
mot.ion. Hence, t h i s  t i rs t  model deals p r i n c i p a l l y  vtith the e € f e c t  o€ the wing. The 
second mode1 considered here  p laces  the cause of the  oscillation mainly on t h e  t a i l .  
In this second model, when e,,, > 0 i n  a small a region, a t o t a l  loss of damping 
i n  p i t c h  is indicated.  Hence, a l o n g i t u d i n a l  o s c i l l a t i o n  develops to a l i m i t  cyc le .  
q 
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Both rodela are considerad indiv idua l ly .  
l ight of the r e s u l t s  of Winkelmann (ref. 9) and the new wind-tunnel r e s u l t s  of 
Newsom, Satran,  and Johnson (ref. 4;. %ese resu l t s  i n d i c a t e  e i t h e r  hysteresis or 
uncer ta in ty  i n  the l i f t - c u r v e  slope i n  c e r t a i n  angle-of -a t tack  regions.  'Ihis section 
of the p r e s e n t  report is an  i n v e s t i g a t i o n  of e x i s t e n c e  of h y s t e r e t i c  behavior i n  the 
actual f l i g h t  data. 
The P h i l l i p s  models  re of i n t e r e s t  i n  
P h i l l i p s  models.- 'R, apply the stepwise r e g r e s s i o n  for the purpose of e s t i m a t i n g  
a model s t r u c t u r e  similar to the P h i l l i p s  models, t h e  set  of can.Xdate model v a r i -  
ables was modified to inc lude  the variables 6 and @ a. The and a 
teras were restricted to 
that the a q n t a t i o n  of the l i f t  curve is postulated.  
ignored by the program when c r e a t i n g  the data s t r i n g  f o r  the @ and Jb a terms. 
Of the 1 1  o s c i l l a t o r y  runs that mre analyzed, only 3 y i e l d e d  a parameter pro- 
portional to  c. In each case, t h e  i d e n t i f i e d  parameter was C and Cz 
h > 0,  i n  that it was only  for these pasitive va~- -% of 
The values  of d < 0 are 
h 
Cz 
'6  a 6 
was -12.5 f 2.0. This vaiue of Cz c " ~  a @ a  w a s  zero. A typical value for 
implies an i n c r e a s e  i n  as a l i n e a r  func t ion  of the d i f f e r e n c e  between f l i gh t  
recerence angle  of a t t a c k  and stall angle  of attack. 
A second Eeature of t h e  Phillips models was h y s t e r e s i s  i n  the l i f t  curve. To 
i d e n t i f y  possible h y s t e r e s i s  Erom the  f l i g h t  data, 2 b i n s  were created f o r  each of 
the 1 1  runs. A l l  data corresponding t o  h > 0 e r e  p u t  i n  the First hin.  me other 
b i n  contained d a t a  corresponding to  h < 0.  
each b in  for each of t h e  1 1  runs. I n  10 of the 1 1  runs,  t h e  b i n  f o r  6 > 0 yie lded  
a greater l i f t - c u r v e  slope than the b i n  f o r  
are given i n  f i g u r e  1 1 .  It is clear from t h e  f i g u r e  t h a t  f o r  a l l  runs except  7.1, 
the l i f t - c u r v e  slope is greater f o r  & > 0 than for < 0. For run 7.1, the two 
slopes are the same. 'Ihe dashed l i n e s  i n  f i g u r e  1 1  d e p i c t  higher-order  d e r i v a t i v e  
information (e.rJ., Cza2, CZa3, etc.) e x t r a c t e d  by t h e  stepwise regression.  When 
t h i s  same technique w a s  appl ied  to  d a t a  from maneuvers by the same a i r p l a n e  trimmed 
a t  lower angles  of a t t a c k  ( a  = 4 O  t o  a = S o ) ,  t h e r e  w a s  no s i g n i f i c a n t  d i f f e r e n c e  
i n  l i f t - c u r v e  slope. 
me stepwise regress ion  w a s  ap2lied to 
6 < 0. me r e s u l t s  Tor l i f t - c u r v e  slope 
F i n a l l y ,  approximate values cf CL, c a l c u l a t e d  using 
CL -Cz -Czo - Cz ( a  - a,) + ihigher-order  t e r m  where i d e r i t i f i e d )  (10) 
a 
are p l o t t e d  i n  f i g u r e  12 f o r  models f m the t h r e e  r e p r e s e n t a t i v e  runs - 7.1, 7.3, 
and 7.6. Again, the d i f f e r e n c e s  i n  l i f t  f o r  E > 0 compared with di < 0 f o r  a i n  
the o s c i l l a c o r y  region a r e  evident .  When t h e  maneuvers i n i t i a t e d  from lower angles  
of a t t a c k  were analyzed using a similar binning as a func t ion  of 6, no d i f f e r e n c e s  
i n  l i f t  curve were evident .  
I n  summary, d i f f e r e n c e s  i n  l i i ' t -curve value and l i f t - c u r v e  slope appear i n  d a t a  
from the  l o n g i t u d i n a l  maneuvers i n i t i a t e s  from angles  of a t t a c k  near 1 6 O ,  but  n o t  
i n  d a t a  from s i m i l a r  maneuvers i n i t i a t e d  from lower t r i m  angles  of a t t a c k  !a = 4 O  
to  S o ) .  Moreoverc i n  the region i n  which the  diEEerences e x i s t ,  t h e  l i f t - c u r v e  
s lope  and l i f t - c u r v e  value a r e  g r e a t e r  €or increasing angle  of a t t a c k  ! a  > 0). Such 
a r e s u l t  aqreas  with t h e  Winkelmann ( r e f .  9) r e s u l t s  f o r  a s i m i l a r  wing i n  a wind- 
tunnel tes t. 
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Van der pol  model.- In raference 2, Thomaae and obllingbourne describe a deep- 
stall limit-cycle condition by a Van der Pol-type d i f f e r e n t i a l  -&tion. 
Van der pbl equation has  *e general form 
The 
%he s o l u t i o n  to equation ( 1 1 )  is a UT' L cycle because of the change i n  the tign 
of tht damping coefficient E ~ I  - a 2 ( t ) j  *at occurs henever s( t1  traverses the 
values f l .  For application to the airpla!re problar, the perturbation Aa, i n  angle 
of a t t a c k  from ao, can be substituted ear x ( t )  i n  equation ( 1 1 )  to yield 
m a t i o n  (12) is i n  a form amenable fo s o l u t .  on tor 6, I , ,  and 6, by the step- 
w i s e  r eg res s ion  program with the  indepcnderlt v a r i a b l s s  & and Aa. Than the fre- 
quency of o s c i l l a t i o n  of t he  system can he estimated by 
Also, 
given by 
( AaIcrit. t h e  Aa va lue  a t  which che damping of t h e  motion changes sign, is 
A 
Applying t h e  stepwise reg res s ion  t o  the d a t a  From r u n  7.3 y i e l d s  
& 3: -0.52# and 
t o r y  runs . For these values  of G1 6~~ and (I; 8c = 2.7 rad /sec  , and 
(&),,it 
t i o n  o€ the  Van de r  pol results is that: the 
tends to inc rease  la - ao( t o  3.1°,  when t h e  r o e f f i c i t n t  of A6 changes s i g n  and 
provides  damping. 
el = -7.4# 
= 183. These three values are t y p i c a l  of the  o t h e r  oscilla- 
= f 3 . 1 ° .  lhese values  are corroboraied by the f l i g h t  da ta .  The i n t e r p r e t a -  
term provid-s no Rampinq and i n  f a c t  i J  
Another de r iva t ion  of t he  Van de r  Pol .:oeffic n t s  comes from e x t r a c t i n g  
pitching-moment 3e r iva t ives .  I f  the  pitchinq-rnr ient equat ion is w r i t t e n  as 
16 
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and i f  q for a single degree of freedom, then equation (13) U s  
S u b s t i t u t i n g  values from run 7.1, then woaC = 2.7 rad/sec and * f3.0°, 
which is ag3in i n  agreement with the f l i g h t  data. 
freedom Van d e r  Pol model, the model equat ion was integrated numerically us ing  a 
fourth-order Runge-Kutta i n t e g r a t i o n  scheme. A phase-plane plot of the re su l t s  of 
such an i n t e g r a t i o n  using the Van der Pol model from run 7.3 and realistic i n i t i a l  
condi t ions  of Aa = 0 and q = -0.16 rad/sec is presented  i n  f i g u r e  l3(a).  In a l l  
parts of f i g u r e  13, the seme of i n c r e a s i n g  time is clockwise. %is model reaches 
its limit c y c l e  t r a j e c t o r y  i n  about trro complete cycles. However# i n  figure 13(b) ,  
d phase-plane plot. of the a c t u a l  f l i g h t  data i n d i c a t e s  that a u c h  more rapid tran- 
s i t i o n  to t h e  1imi.t c y c l e  t r a j e c t o r y  ( i n  ahout one-fourth of a cycle) should be 
expected. Moreover, (&Icrit corresponds to the maximum deviatio!i i n  a. In order 
to  predict t h i s  maxiaur deviat ion,  the damping should change sign a t  a sPaller value 
of Aa. In summary, t h e  Van der -1 single-degree-of-freedom equa t ion  c o r r e c t l y  
p r e d i c t s  the q u a l i t a t i v e  behavior of  the motion but fa i ls  to predict c o r r e c t l y  the 
v a r i a t i o n  i n  angle  of a t t a c k .  
lb validate the singie-degree-of- 
For completeness, two additional cases were numerical ly  in tegra ted ,  and their 
phase-plane trajectories were plotted. L? f i g u r e  13(c) ,  the Van der Pol d e l  from 
run 7.3 is i n t e g r a t e d  from i n i t i a l  condi t ions  Aa = 0 and q = -0.45 rad/sec. lhese 
condi t ions  lead to  the same limit c y c l e  t r a j e c t o r y  as did the condi t ions  t h a t  y ie lded  
the  r e s u l t s  shown i n  f i g u r e  13(a) .  F ina l ly ,  a l i n e a r  harmonic oscillator estimated 
from the equat ion a = el a was in tegra ted ,  and the r e s u l t i n g  phase-plane t r a j e c t o r y  
w a s  p l o t t e d  i n  figure 13(d) .  mough it satisfies t h e  range requirement for a, the 
harmonic oscillator model fa i ls  to s a t i s f y  t h e  range requirement for q and, most 
importantly,  f a i l s  to  ?lave t h e  qualitative proper ty  of converging from any given 
i n i t i a l  condi t ion  to  t h e  same limit c y s l e  t r a j e c t o r y .  
.. 
coNcLusIoNs 
Several examples of s h o r t  period l o n g i t u d i n a l  o s c i l l a t o r y  f l i g h t  a t  high va lues  
of l i f t  c o e f f i c i e n t  have been analyzed. lhe d a t a  were obta ined  by a l ight s i n g l e -  
engine research ai. rplana with outboard leading-edge modif icat ions f o r  opera t ion  a t  
high angles  of a t t a c k .  A stepwise regress ion  w a s  appl ied  t o  t h e  f l i g h t  d a t a  t o  
determine aerodynamic force and moment model s t r u c t u r e  and parameter values. nJo 
separate a p p l i c a t i o n s  of the  stepwise regress ion  were made, each with d i f f e r e n t  forms 
of the candidate  models. In  one a p p l i c a t i o n ,  t h e  candida te  model set  was comprised 
of s p l i n e  b a s i s  func t ions  with knots  a t  O.SO increments i n  angle of a t t a c k .  lhe 
o t h e r  a p p l i c a t i o n  c o n s i s t e d  oE applying t h e  s tepwise regress ion  H i  th  polynomial 
candidate  model terms to the  d a t a  a f t e r  t h a t  data had b e e n  p a r t i t i o n e d  i n t o  b i n s  as d 
func t ion  ot angle  of a t t a c k .  An a n a l y s i s  of t h e  results, including a comparison with 
theory,  i n d i c a t e s  t h e  following: 
17 
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1. The change i n  p i t c h i n g  moment w i t h  respect to  pitch rate CA is d e f i n i t e l y  
Q 
positive f o r  the angle-of-at tack range over which the  oscillations occur.  There is a 
f l a t t e n i n g  of t h e  l i f t  curve i n  t h e  o s c i l l a t o r y  region. lhe values  of t h e  change i n  
p i t ch ing  moment w i t h  respect to  angle  of a t t a c k  
the  p o s s i b i l i t y  of a stall i n  the  o s c i l l a t o r y  region.  
CA , though not  cons i s t en t ,  imply 
a 
2. Both techniques (polynomial on a p a r t i t i o n e d  data set and s p l i n e )  g ive  
similar r e s u l t s .  
3. The models s imula te  the o s c i l l a t o r y  behavior q u a l i t a t i v e l y  krt provide too 
mch damping. 
4. Analysis of d a t a  p a r t i t i o n e d  f o r  positive and negat ive  rates of change of 
angle of a t t a c k  gives s t rong  suppor t  f o r  the ex i s t ence  of a h y s t e r e s i s  loop i n  t h e  
l i f t  curve for the angle-of -a t tack  range covered by t h e  o s c i l l a t o r y  motion. 
5. A one-degree-of-freedom Van de r  Pol d e l  can s imula t e  the genera l  phase- 
plane behavior of t h e  motion b u t  does not  proper ly  l i m i t  the range of angle  of 
a t t ack .  
*Langley &search Center 
Nat ional  keronaut ics  and Space Administration 
Halapton, VA 23665 
N o v e m b e r  30, 1982 
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EQUATIONS OF -ION 
The following equations of motion are given in this appendix. 
2 
il = -qw + rv - g s i n  0 + cX 
e pv2s 
2m v = -ru + pw + g COS 8 s i n  0 + 
s pvzs 
w = " p v + q u + g C 0 8 9 C 0 8 9 +  2m cz 
- Iz' p v 2 a  
+ h ( w  + r) + c, 
I X  
r; = ) 
pv2sb 
'n 21z 
- qr) + -IXZ 
5 
; = 'i + -(P 
6 = q cos 0 - r sin 4 
e 
0 = p + (q sin 0 + r c .  0) tan 9 
-1 a = tan 
U 
-1 1 
V B = s i n  
e 
* w  
0 ' -  
.l 
s 
g - 1  
V 
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APPENDIX 
- 
E (6 - 6 1 + cZ (a - ao)2v Cz = Cza0 + Cz (a - a 1 + Cz 2v a + ‘z6 e e,o 0 9 e qa 
where 
+ c m . p  cz80 + sc cos eo) 
%,o - %,o a 2v2 
p s c  c; = cm + -
a a 4m ‘mGCza 
c; = cm + cm.f + g czq) 
Q 9 a 
PSC 
4m cm;cz6 = c  t- 
e e 
CAS e m6 
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D s c  
‘zi3 a 
+ cm. 
a e i 3a  e 
m c; = c i3a 
e 
p sz -
= c  m 2  + Cm. a 4m CZBla 
B a  
‘A 2 
B a  
Assming steady-state (vo = po = qo = ro = 4o = 0 )  initial flight conditions, the 
longitudinal equations become 
u = ; - q w - g s i n e + -  PV2S 
2m 
PV2S 
cos e + - = qu + 2m % 
2 -  pv sc q=-c; 
21Y 
and the longitudinal output can be written as 
21 
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and for the equation error' form, the aerodynamic coefficients can be written a8 
2gm 
2 "x = cx 
PV s 
*a = c  
PV2S 2 2  
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TABLE 1.- CANDIDATE MODEL VARIABLES 
a3 
a4 
a5 
a6 
a7 
a8 
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Figure 1 .- 'Lhree-view drawing of test airplane showing outboard 
leading-edge modifications (not to sca le !  on top vil3w. 
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Figure 2.- Data p a r t i t i o n i n g  for a large-amplitude l o n g i t u d i c d  maneuver. 
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Figire 3.- Regions of support for s p l i n e  
basis f u n c t i o n s .  
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Figure 4 .- Time h i s t o r i e s  of se l ec ted  longitudinal and l a t e r a l  var iables  
for run 5 .4 .  
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(a )  Run 7 . 1 .  (b) Run 7 . 2 .  
Figure 5.-  Time h i s t o r i e s  of se l ec ted  longitudinal variables for osci? -;tory 
f l i q h t s .  
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Figure 5 .- Continued. 
29 
O L  u 
Lll i 1 
-5 E- 
m 
U 
4 
C 
3 
w o  
E 
L 
l i l J L  
0 5 10 1s m 
t ,  sec 
( f )  Run 7.5. (e )  Run 7.5.  
Figure 5.- Continued. 
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Figure 5 .- Continued. 
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(j) Run 8.4. 
F igure  5.- ContinueC. 
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(k) Run 8 . 5 .  
Figure 5.-  Concluded. 
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Figure 6.- Time h i s tory  for deceleration maneuver 
i n  which s tab i la tor  was brought up to f u l l  s top 
to show development of o s c i l l a t i o n s  (run 1 1 ) .  
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Fiqure 7.-  Stabi lator  trim de f l ec t ion  plotted against  anqle-of-attack trim curve 
showing uncertainty ir. s tab i la tor  trim def l ec t ion  for uo between 14" and 1 8 O .  
0 
-2 - 0 ?r 
u o  
0 0 0 
-4 L e Binned slope 0 Binned value 
Spline value 
I 
71 2 -1 
I 1 1 I I I I 
a, deg 
0 8 12 16 20 24 
( a )  2-force c o e f f i c i e n t s  for  run 7 . 1 .  
Figure 8.- Aerodynamic derivatives  estimated using stepwise regression with 
polynomial model on partitioned data and sp l ine  modes. 
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(b) Pitching-moment coefficients for run 7.1. 
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Figure 8.- Continued. 
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( c )  2-force c o e f f i c i e n t s  for run 7 . 3 .  
Figure 8.- Cantinued. 
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( d )  Pitching-moment coefficients for run 7.3. 
Figure 0.- Continuee, 
39 
4 
I a 
6 
bd 
8 
N 
W 
4 
I 
'F) 
4 
ra U 
u 
,? 
a 
0 
L1 
-2 
-4 
-6 
0 
-20 
-40 
-6C 
, -4- B i n n e d  slope 0 Binned value Spline value 
L i' 0 
0 - 
O "b 
0 
0 
\L-l 
O 0 0  
0 a " 
10 
T 0 O o  1- 
- 0 )  * -2 L 
N 
0 
I I I I I 1 1 
4 8 12 16 20 24 0 
as deg 
( e )  Z-force ccefficients for run 7 . 6 .  
Figure 8.- Continued. 
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( f )  Pitching-moment c o e f f i c i e n t s  for run 7 .6 .  
Figure 8.- Concluded. 
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( a )  .Run 7.1 and l inear polynomial model estimated from 
run 7.1.  
Figure 9.- Measured time h i s t o r i e s  for se l ec ted  longitudinal  
variables and those computed from model selected by reqression 
program. 
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(b) Run 7.1 and spline model estimated from run 7 . 1 .  
Figure 9.- Continued. 
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( c )  Run 7 .3  and spl ine  model estimated from run 7.1. 
Figure 9.- Concluded. 
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Figure 10.- Tine h i s t o r i e e  of pi tch  rate and rate of change 
of angle of attack for an o s c i l l a t o r y  run. 
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Fiqure 1 1  .- Values of l i f t - curve  slope for o s c i l l a t o r y  runs 
indicating p o s s i b i l i t y  of l i f t -curve  h y s t e r e s i s .  
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Figure 12.- P l o t  of l i f t - curve  values estimated by regression 
applied t o  data partit ioned by rate  of change of angle of 
attack . 
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(a) Van der e01 model estimated from run 7.3 showing 
attainment of l i m i t  cyc le .  
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(b) Fl ight  data from run 7.3.  
Figure 1 3  .- Phase-plane t ra jec tor ie s  of several  models and measured data 
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(c )  Van der Pol model estimated from run 7.3 showing 
attainment of l i m i t  cyc l e .  
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( d )  Harmonic o s c i l l a t o r  estimated from run 7 . 3 .  
Figure 1 3 .- Concluded . 
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